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BntA„-A =Al+tf+...+ti. i =Al(l + q+q*+.. . + ?"">) 

and Al-Al=Al(q"-l). 
Hence, substituting in [2], 

»^= ( -^^W!f-i)(?-i)+(?"-i) 2 -^-i)(?-m 

= —^2 In"— If. 

n Al Al _ n Ao— n.A 



(?"-l) 2 (?-l) 2 (q"-l)-n.(q-l) 

By means of these equations the values of A and A„ may be determined 
from the values of „A and „Ao. The successive terms of Al may then be 
calculated from the equation A|=Aq. q". 



On the Value of Apportionable Annuities ; or of Annuities in which 
a proportionate part is payable up to the day of death. By 
Thomas Bond Sprague, M.A., Actuary of the Equity and 
Law Life Assurance Society, and Vice-President of the Institute 
of Actuaries. 

IN former papers, I have investigated the value of an annuity on 
a single life, when payable half-yearly, quarterly, &c. It still 
remains to consider the values of annuities on the joint duration of 
two or more lives, or on the life of the last survivor of several lives, 
under similar circumstances. It will, however, be more useful to 
consider first the increase in the value of an annuity on a single 
life, when a proportionate part of the annuity is payable up to the 
day of death, instead of the annuity ceasing, as is generally 
assumed, with the payment that precedes the date of death. 

The value of this increase will first be investigated on the 
supposition that the deaths in each year of age are uniformly 
distributed over the year. 

Thus, the annuity being £1, payable yearly, and the age of the 
life on which the annuity depends being k, if death occur during 
the (/ + l)th year — in the instant dx following the time t + a;, 
then there becomes payable the sum £x. The deaths being 
uniformly distributed, the chance of this sum becoming payable, is 
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and the value of the chance of receiving it is therefore 
%v c +'{Pk,t—Ph,t+\)dx. 
The value of all such possible payments in the (£+l)th year 
will be found by integrating, and will be equal to 

/ ^" +t (Pk,,—Pk,t+i) dx 

J 

= v XPk,—Pk,t+\)J xv x dx. 

Again, the value of all such possible payments throughout life 
will be found by summing this quantity with regard to t, giving t 
the values 0, 1, 2 . . . to the extremity of life. 

Now V +1 (^*,<-ft,« + i)=A 4 . 

Hence the value of the increase, which it will be convenient to call 
the " correction," becomes 

A /•' z" 1 

— / xv"dx, or A k I xv"~ l dx. 
v J o J o 

The value of the definite integral involved may be found as 
follows : — 

xtf~ i =x(l+i)- : ^ i 

=x—x(x — \)i-\-x(x — l)x— — x(x — \)x(x + 1)— + . . . . 
Z 1) 

(by the Binomial Theorem) 
whence 



1 t 

=x—(x 2 —x)i+(x i —x 2 )— — {x i —x 2 ) — + 

2 D 



r 2 / x& 



y" r i , ^ x x x \ ■ x X"\l' X" X"\l" . 

and 

/*»* ^=2 + 6-24 + 45- (2) 

Or, otherwise, integrating by parts, 

r xv' r V 

I xv ax— -— — / : ax 

J logt> J log« 

xv" v" 

log v log'' V 

=C-?-S (2*) 



f xv"dx= - — 



V V 



2 e 2 



•-a 
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and y%^ = ___.__=. 

where S=log c (l + i) = — log e v. 

The two expressions we have found for / xv x ~*dx may be 
shown as follows to be identical. 

We have \+i=e* 

52 S3 M SS 

and .=,_,=,+ _+_+_ + _ + .... (3) 

, i— i i i a 2 a 3 

whence _ =- + - + - + — + . . . . 

But a=io ge (i +.■)=•- £+£-£- W 

and substituting this value for 8, we find 

t — a 1 i j 2 i 3 
"S 2_ = 2 + 6 - 24 + 45 _ 
which agrees with (2). 

Thus then the value of the correction is 

+ 6-24 + 45-----J * • * ; (5) 

This expression agrees with the statement of Professor De 

Morgan, Essay on Probabilities, Appendix the second, p. xxii. — 

" When an annuity is granted upon condition that the executors 

of the party are to receive such a proportion of payment for the 

year in which the annuitant dies, as corresponds to the portion 

of the year during which he is alive, the addition to the value of 

1 i 
the annuity is the present value of „ + ~„ of a year's purchase, 

payable at the end of the year of death." 

As a first approximation to the value of this correction, we may 
say that on the average £\ will be received in the middle of the 
year in which death takes place, and the value of the correction 
will therefore be nearly equal to 

This result, it will be observed, is too large, and is not correct 

even in the term involving the first power of i. 

A* 
Baily gives the value of the correction as simply ^ . 
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Griffith Davies has given (p. 336, cor. 1) a formula for the 
value of the correction which is equivalent to 

*'— log (1 +*)/, . . 
^ (l-O 

= ^{.-log(l+.-)}A 4 

. ,/l i «' 2 P 
=( 1+8 >U-3 + 4-5 + - 
_/l i* «' 2 ? ' 8 \ 

~ U + 6 ~~ 24 + 20 ~ ' * * J A " 

which agrees with our formula as far as the term involving the 
first power of i — the remaining terms being different on account 
of the different supposition he has made as to the interest for 
fractions of a year. 

If we next suppose the annuity to be payable half-yearly 
instead of yearly, a little consideration will show that the value of 
the possible payments in the (t + l)th year is 

v '(Ph t—Pk, , +1 )(l + V») / xifdx; 
and the value of the correction is seen to be, reasoning as before, 



A 4 / xifdx 

v J „ 



which, by (2*) = A 4 !±£r (I - ^ _ ^ 

' J K ' " v U 2 2a a 2 1 

_. 1+ <Jv (\— \/v \/v 



v \ P 21 

l- v v-t+1 



-A fe ° +1 ) 

-A (i V ~ i+V \ 
_A *U 2 ~ 2d J' 

Now 8 = — log v, and v = e _i . Hence 



, | 1 , a , a 2 i as i a* i 

2^4 2^8 6^16 24 T 

t>-*+ 1 _ 1 1 ji_ a 2 ga 
23 — a + 4 + 16 + 96 + 768 + 

ii «• i i a a 2 a» 

Also a^ = a + 2 + 6 + 24 + l2o + --' b ^ 3 >' 
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i v-i+i i 5 a 2 9 S3 ^ 

^ 2^ 4 f 48 32 T 1280 x 

and the value of the correction is 

^S + ^+S + ISo^--) 

=A 'U + 48 l -48 + n520 4 ' 3 ----)- • (6) 
This result may also be arrived at by finding / xifdx from the 
formula (1). Thus, 

/ xv dx= — I « 2 H i 3 — .... 

y„ 8^12 384 ^2880 

Again, 1 + V»=l+(1 + *')"* 

2 + 8 16 T 

and multiplying these series together, we get the above expression 

(6) for the value of the correction. 

Let the annuity now be supposed to be payable m times a 

year; and let each year, as the (£+l)th, be divided into m equal 

parts. Then if death occur in the (s+l)th part of the (< + l)th 

s 
year, at the instant dx following the time t + — Yx, there is 

payable the sum £x. The chance of death occurring in that 
instant on the supposition of uniform distribution of deaths is, as 
before, (pie,t—pii,t+i)dx; and the value of the chance of receiving 
£x by such death is 

Xv'+7n+% Pl , y ,—p kt t+i )dx. 

The value of all the possible payments in the (s + l)th portion 
of the (t + l)th year will be found by integration, and is 

J o 
The value of all the possible payments in the (t + l)th year 
will be found by summing with respect to s, giving it the values 
0, 1 . . . m — 1; and is therefore equal to 

L L ==! A 

v'(l + v , " + v" , + +v - )(Pk,t—Pk,t+i) I ' xv" dx 

J o 

1 — v /*- 

=v' r(i»*,«— Ph,t+i) '"xv'dx. 

1-va y ° 
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Lastly, summing with respect to /, the total value of the 
correction is 

1_„= vj ° l-t,™ y ° 

But, as we have already shown, 



izifdx-=Q>— ^- — 



a;tr «r 

a" 2 



,,1 1 V"< v m 

J-^ dx =----- 



1 — V" V 



so that the value of the correction is 
1 «" 1 

1 — D>» 



- iA {L _J J. 



i a 3 



_ (1 \_lm 1 J 1_<_ 

* * ts* ~~ toSV^" 2 + 12m _ 720m 3 + 



(2mS 12m 2 720m 4 

i h 2 2 S 3 

which becomes, since - =1 + - + — + — + ... 

» i 2 i 3 
= + 2 _ 12 + 24~" 

* 12m 4m V 3m / 24m 48m V 15m 3 



-•••} • • (7) 



Making m = 1, 2, 4, successively, the values of the corrections 
in the cases of annuities payable yearly, half-yearly, and quarterly, 
respectively, are found to be 



A *U + 6 _ 24 + 45~" ••' 

* This step is obtained from the well known expansion of — t — r . 



364- On the Value of Apportionable Annuities, [July 

k (\ 5 . i" 1 121 



4 T 48 48 11520 

ii . ?: 2 961 



;*- ™ + 



»*— . 



T 192 96 ' 184320 
the two first of which agree with the formulae we have already- 
found ahove. 

The preceding formulas are analagous to those obtained by 
Baily for the value of annuities payable half-yearly and quarterly, 
on the hypothesis of a uniform distribution of the deaths in each 
year. But we have seen in the case of those annuities that the 
results obtained by the use of this hypothesis are not to be relied 
on when accuracy is desired; and it will therefore be desirable to 
investigate the more accurate formula? corresponding to Mr. Wool- 
house's formula for the value of an annuity payable half-yearly. 

Before doing this, however, it will be convenient to investigate 
the value of an ordinary annuity of which the first payment, 
instead of being made at the end of a year, is made sooner, say at 

the end of - th part of a year. 

In this investigation it is almost necessary, and is, at all 
events, highly desirable, to denote by a suitable symbol the value 
of the annuity in question. But when we seek for such a symbol, 
it becomes apparent that no convenient modification of the 
notation («*) for an ordinary annuity can be introduced ; and that 
we must adopt a symbol to denote the value of an annuity-due, 
i.e., of an annuity payable in advance. Mr. Scratchley has used 
the symbol a, and Mr. Eilipowski, d, for this purpose. I propose 
to adopt the symbol a, as being more simple than the latter, and 
more distinctive than the former. Thus, then, 

a*=l+« t . 

Next, suppose this annuity-due to be deferred n years, then 
&t[Z will denote an annuity of which the first payment is made 
at the end of n years ; or 

Also, ^a* will denote a temporary annuity of t payments, the first 

made at once ; or 

7|a l =l+m|%. 

So, again, 7|**p;=7|«*|s=i- 

Making ra=0, we see also that a^—, must be interpreted to 
mean a^. 

Consistently with this notation, the value of an annuity of 
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which the first payment is made at the end of the mth part of a 
year will be denoted by a^nr. 

I m 

We have for the value of this annuity 

- m m »» 

\m 

_ l t+ if+h + 4 +1+ L/ +1+ r n + 4 +2+ i^ +s ^+ ..... 
_ __ _ , 

or, putting u x for l x v x , 



^411 : 



«i 



Now substituting — for x in the formula (8) for u k+a , given in 

my paper in the last Number of this Journal, p. 320, we have, very 
approximately, 

/, 3 2\ /3 2 

U k+ l = U k l 1 + — +% +] — ; 

-» V m m ) ' \ m m " 

, (\ 2 1 \ , / 1 1 
\m m' mr ) \ m z m 6 

= «*— — 3 («* — «*+l) + — 1 o- 1 

Vw 5 to''/ to \ »»y to** \ ™ 

So also, 

» \m i m 6 J to \ "*/ m V w 

«i +2+ L=Mj +2 — &C. 

&c. = &c. 
Adding these equations together, we get 

« H .L + « M .,+L + « H . 2+ L+ =%u k +l 

m m m tn 

'3 2 \ 

=«t + «i+i + «i+2+ — I — ; ; )«» 

\ *wZ amp / 



I 



TO Z TO' 

1 I IV 

S(l )0'*+l + M '*+2+ ) 

TO'' \ TO ) 

( 3 2 \ 

= M* + M*+l + «* +S + — — 5 5 K 

\m l mfi) 

+ -fi--T'A+ 1 (i--Vi--V'', +1 +«'* +2 +...) 

tov my otV to A »»/ 
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But applying the formula (p. 207) 

g- + ««+i + m«+2+ + 2 =J u x dx+ — («j- »,) 



-7§0 (M ' ; '- M:) 

+ . . . . 
we have 

u' k , , u' t u" t —u" k u™—u% 

2" +«„.,+«**+ . . . . + - = -u k + — — - + . . . . 

— being used (as at p. 317) to denote the extreme age in the table 
of mortality, which none of the lives actually attain. 

The first term in the second member of this equation is 
obtained thus : 



J n' x dx—u x + C, 

yii 1 dx-=u 1 — u k =—u k , since u s =Q. 



The quantities u' s , u" z , u?. ... are generally so small in comparison 
with the others that they may be neglected, and we have therefore 
very approximately 

/3 2\ 1 / I V , 

2i«* + L=S»*- ( — ;)«*+-( 1— - 1 «» 



m' m° J m\ m 

If. IV, 2 V u '* m "* 

+ m{ m){ m){~ "~ J ~ U 



m 2m\ m) \2m\ m)\ m) 

Dividing both sides by u k , we get 

1 m— 1 u' k (m—l)(m — 2) it\ 

a '| =1 +a "~ m + ~2rf "% ~ 12m 3 % ' 

But since u/t=hi^, 

u' k =Z k v* + \ogvl k v\ 

, u k l' k —ll k s 

and — = — -, — = — f — «• 

% «* 

Also, u" k =r k 'v k -2U k v ! ' + d\v\ 

and — = 4- + 2uS + 2 2 ; 



a, 
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whence, by substitution, 

to — 1 to— 1, „ (to — 1)(to — 2)/l'i _ . ... 

r ak+ -^ - ™^ +l) ~ ~^h— \k +2 » S+S) ■ • (8) 

very approximately. 

Or, adopting the notation I have employed in the last Number 
(p. 317), 

TO— 1 TO— 1 _ N (to— 1)(to— 2)D"j 

p TO 2»l' i lz»r D* 

The most important case is when m = 2, or the first payment 
of the annuity is made at the end of six months. In that case, 

a *[i=«'+i-^r (10) 

the last term in the value of a^ir disappearing. 

The universal practice of actuaries is to take the value of such 
an annuity as a k -\-\; and we now see that that value is too large. 
The error, however, is seldom of much practical importance. 

Taking an average age, 45, and interest at three per cent., we have, 

, "s> 

according to the Experience table, - = '0052 ; and if we are 

o 

valuing the liabilities of an Office in which the premiums amount 
to ,£100,000 a year, the error caused by using the common 
approximation will only amount to £520. 

In order to test the accuracy of the above formula (9) we will 
apply it to find the value of an annuity payable m times a year. 

Writing — for to, we have 

to — r r(m — r) r(m — r)(m — 2r)D" k 

& % =ak+ ~^ 2^- (/J+s) is? — v 

Here making r equal to 1, 2, 3 . . . to, successively, we have, by 
addition, 



+a Ai |< r +a J (j+ +a, 



a* ir + a* if + a* |? 

\»t hn \m 



—ma k + m S» - — - im2r — 2r 2 } 

to 2to 2 j 

— ,„ L {TO 2 2r-3TOS»- 2 + 22»- 3 }. 
12»rD t 

But the first member of this equation is equal to ma 1 '"'. 
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Also 5>=l + 2 + 3+ .... +m= OT(w + 1) 



Sr 2 =l+2 2 +3 3 + • . . + »» 2 = 
2> 3 =l + 2 3 +3 3 + .-. . +m 3 = 



2 
m(m+l)(2m+l) 

6 
m?(m + 1 ) 2 



4 
Hence we have 

m+1 m + 1 . f 2ot+1 



,, m+1 m + 1 . f 



3 



~ 5; ' iS {m2-wl(2m+1)+,n(M+1)} 

w — 1 m 2 — 1 . . 
= ««,+ — --j^ (/« + *), 

the other term disappearing ; 

n , , m — 1 m 2 — 1 , _ 

and « r ) =aft+ ______ (/J + a), 

which is Mr. Woolhouse's formula. It will be noticed that in 
deducing this from our formula for a*p, no process of 

approximation has been employed; but if the one formula were 
strictly accurate, so also would the other be. 

The above formula for a*^ needs no further confirmation. 

I subjoin, however, another demonstration, as illustrating a 
different mode of proceeding which may be found useful in other 
investigations. 

We have, u x being any function of x, 

= \f\dx+ ~ (u' b -u' a )- ^ K-O+ • • ' (11) 

Now put u x equal to l x if; and first let a = k, h=l, b = z, the 

extreme age in the table of mortality, which none of the lives 

actually attain, then the first member of (11) becomes 4*>*(i + «*) J 

and we get 

/•* 1 1 

4«'(i + 0=y u * dx ~ J2 0'*- M '«)+ 720 W -M '«:) _ • • • • 

=f^-'hw,- < l2 > 

approximately, the values u\, u",' , . . . being very small. 
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Next, put a=k-\ , h=\, b corresponding, as before, to the 

7/6 

extremity of the mortality table ; then we get 

iy.a. k ^-^ k+ lv k +,,=j h+l ujx— — u\ + l.+ —u"l + L- . . . (13) 

Lastly, put a = k, h= — , b = a + h=k-\ — , then the first 
J r m m 

member of (11) reduces to -^ — - or \{u k + u k+ l) ; and we have 

(«*+!— w*) 



720m 8 

+ 

Dividing this by m, and adding it to (13), we get, since 

m u x dx + / i u x dx= I u x dx, 

{(to 2 — l)u' k+ l + u' k ] 



12m 2 
1 

' T20m* 



{(m«-iyi'+l+«^} 



Now subtracting (12) from this, we have 



'—- ^-iM-tfi-iW.- 



V). t -,-j(l--j}-i(l--j/„L^ 

to 2 — 1 . , , . m 4 — 1 „, ,„ . 

(w *-«'*+!)- 55S=i («i-^4i)+ • • • 



whence 



to— 1/ l *>+\, L\ to 2 — 1 u \— u 'k+ 1 - 
2m V h / 12m 2 V 



m 4_! u'" k —u'" k+ l 



720m 4 l„v k 
But since u r = Lif , 



+ 



*>x — "a^ J 



u' x =? x v x —Sl x v*, 



so that u\=Z k v k —$l k v k , 
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and ii\ + l=(l' k+ l-cl k+ iy+7n 

[ k m \ k m 2m 2 ' J) 

(by Taylor's theorem) 



= {_„, + ( l _i) s+ i( 1 _ 2 l) ff+ .. 

1 i L S 1 

whence u' k —u' b+ 'L-= —U k vH\ —v) + l' h v k \\ — v" ^ t>~ 

™ ( ?» 

m\ 2m/ 



'4 



+ 

W- lr i i 



Also -t = =t-!^+-^+ — £'+.... 



M 



1 t" 



We therefore have 



m 2m 2 4 



m-1 , /, fi , 1 4\ i 

a tlT =« t +-— 1+ l-- + o~ar P" 
Is 2m 1 V w 2to 2 4/ 

+ 12ot 2 1 v ' r \ m J m\ 2m)l k J 

approximately. 

Again, since 8=— logv, »=e _,i , and 

L. s_ g 2 
v'"=e-,»=l h — - 

we find, neglecting terms that involve S 3 , /xS 2 , and /'*§, 

1 §2 

3(1 — v'")= — , approximately; 
m 

„ ( 1 _ v>« + - «» =« - + - =2 — , approximately; 

r \ ml \m mj in 

1 ( 1_ _ f „'»= -V , approximately. 
»i v 2m/ 4 »"t 

Also 

i + ('-£ + B?)^'+('-£ + =.rX'-s+B) 

U + 2 (5 2 «<S C • ^ i 

=2— ^ + 5-5 + S + o IT' approximately; 

m 2m 2 m' zm^ 
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so that, substituting, we get finally 

m-l ( ft + i a 2 /iS % } 

a *|i; _%+ ~2^ ( l ~~ + 2m 2 + m 2 + 2m\\ 

to 2 — i i a 2 2Sfi i'u 



12m 2 I m m ml k 

m—\ to— 1 {m — l)(m—2)(l k 

m 2m 2 12TO-* V 't 

— as found above (8). 

As a further test of the accuracy of this formula, apply it to 
the case of a perpetual annuity certain ; and for this purpose make 

ju and l" k both zero. Then a k becomes equal to - ; and the 

value of the annuity, as found from (8), becomes 

- + m ~ 1 _ m ~ 1 a— ( W ~ 1 X TO ~ 2 ) 32 ( 14 \ 

i m 2m 2 12m 3 

But the value of the annuity certain in this case is 



1 



*/" + i> 1+ « + tj 2 +»+ ... .ad inf. 



e \ ml 1 



„» _i+j i -_i s-'_f: 

1 — v i i i i 

If, m-l „ (m-l) 2 S 2 (m— l) 3 a 8 
1 ( m m^ 2 m A & 

1 m — 1 a f, m— 1 a (m-l) 2 g 2 ) 

i m « (, m 2 m z 6 J 

1 m — 1 m — 1 (m — l)(m — 2). 
i m 2to 2 12m 3 

-which is the same as found above (14). 

For v= r — e~ a .-. l + i=e d , and «=e* — 1, 

1+* 

■ a a . a a 2 



= l-;j + To-^+ < 15 ) 



i e 4 -l 2 12 720 

this being the well known expansion by means of Bernouilli's 

numbers given in all treatises on the Calculus of Finite 
Differences. 
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We now return to the investigation of the increase in the value 
of an annuity, when upon the occurrence of death a further payment 
is made proportioned to the time which has elapsed since the last 
payment of the annuity. This increase will be called, as before, the 
" correction." 

First, let the annuity be supposed to be payable yearly. 

Then, the present age being k, if death occur in the (/ + l)th 
year from the present time — say in the instant dx following the 
time x in that year ; i.e., at the time t + x from the present time, 
there will be payable a sum £x. The chance of death occurring as 
supposed will be 

and the value of £% to be received on the occurrence of such death 
will be 

- X1 f+* /j±!±? . dx (16) 

and the value of the correction will be found by integrating this 
quantity with respect to x between the values and 1 ; and then 
summing it with respect to t, giving t the values 0, 1, 2 .... to 
the extremity of life. Now we have, using the formula of 
interpolation employed above, 

4+«+x=4+<- (3* 2 - 2* 3 )(4-h- h+t+i) 

+ t k+l (x-2x*+ a ?)-l' k+l+1 (a?-*>) . . (17) 
Hence 

*'*+,+*= - 6(x-a?)(l kH -l k+t+l ) + l' k+l (l - ix+ 3* 2 )-^ +(+1 (2a-3z 2 ), 

and substituting in (16) this value of l'k +t +*, we have first to find 
the value of 

f^ — {G(a?-x*)(l k+t -l k+t+l )-l' k+l (x-±x*+3x 3 ) 

+ ?* +(+1 (2* 2 -3* 3 )}<fc . . (18) 

Now S= — log,,« .'. v=e~ s 

„ 8V 3 3 * 3 , 
and v°=e- i *=l-lx+ g- + ---- 



xVdx=J I x"-Sx n + l + - * n + 2 - - x"+ 3 + . 



dx 



a«»+ 2 sv+ 3 sv+* 

+ a , , ox - e , , 7> + • • • • +C, 



«+l w+2 2(n+3) 6(n+4) 
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and 



f x n 

J 



1 



+ 



S- 



n+1 rc+2 ' 2(»+3) 6(ra+4) 
Here making n=l, 2, 3, successively, we get 

y/^ = *-3 + 8-30 + ---- 

y- 1 8 8 2 3 s 

„ v 7 T3f 20^60 252 T 



+ •• 



8 8 2 



315 



y>-4*> + 3^ = _ TV+ ___ + 

z* 1 8 8 2 8 3 

./V ' T1 ^ 10 20^63 

and substituting these values in (18), we get the value of the 
correction in the (t+ l)th year, equal to 

--J xvh+t+ ,d*= 7 \eU\-~ + - - — + ... )(l k+l -l t+l+l ) 



+ 



'+£-*?*»+■•• Km 



15 

8 



40 315 

8 s 8 3 



~( TV ~To + 2o~k + - , V +,+1 

Next summing with regard to <, giving it the values 0, 1, 2 

we get the total value of the correction, neglecting terms involving 
higher powers than S 3 , 



3 8 2 8 3 \ 1 

i-K^+'ro-rJ^^-'- 



*+!+! 



+ ItV 



8 8 2 2 M 

15 + 40-^ 63) ^^ V 
s 8 2 



315 J I, 
8 3 \1 



r * 10 + 20~63j^ t> '' r ' + ' +l 



(19) 



Now we notice that 

2?/+' '+' *+n- i 



=K 



— the value of an assurance on the life k. But we shall find it 
more convenient to obtain an expression involving the annuity, «*. 
vol. xm. 2 F 
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Thus 2v'fy<=l+a t , 



and S /^tl = I^( 1+ a + ^ + | 3 ) as , 



so that 



, 3 a 2 a« \i 



. 3 . 'a 2 a 3 /a a 2 a s \ ... 

= *-10^l0-42-l2-20 + 30j O " appr0Ximately - 
Again, So'^ +(+1 =/' t+1 +t>/'j +2 +»Y t+3 + 



whence 



= (i+H- f + j]{*ff w -M 



/ , s ^ 2 „\ i „ „ / , a a 2 a* \ i ,„ 

("- 15 + 40 - 315 ^ I **" - (*" 10 + 20 " 63 J T k ^^ 

/ a a 2 a 3 \i._ ( , ,,. 

~ [™ ~ 60 ~ 120 ~ 504 A ^ C k+l ~ f k) 



since /«= — y- . 



1 20^30 2520 J l k 

,__a aj_ j»_\ 

T * 60 ~ 120 ~ 504/ ^ 
l\ 



k 
k 

It only remains to evaluate S«*/'t +< 

=M-tfM.H-«v*H+.... 

Now putting »*/'*+( for w t in the equation 



«» % /•* „ u b — u'„ 

g + "„+l + "«+2 + +2 —J U ' dt+ 12 ' near, y» 



and making a=0, b = z—k, we get 

1 1 



2t ''^+<=2* + y "«*■" 12' vei 7 nearl y> 

w',_* being so small that it may be neglected. 
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But fujt=fv't h+t dt 

— integrating by parts, 

and / u t dt=—l k +l v'l k+l dt 

J o J 

= — /* + 2J»Un-|-£— —■ J , very nearly; 
~j— dt is the value of an annuity payable momently. 

Also «'«=-S»'^ +( +^i-H, 

and w'o=— M k +l" k i 

so that M^L>-l t +il t (a t +i-&) + E£Z[i, 

and S ^ = -|_ 1 + a( % + i _^)_^ + |) 

=%>+£)-i-£-tV(V+2 M s+^ 



The value of the correction thus becomes, by successive 
substitutions in (19), 

2 10 + 10 42 "U" 20 + 80/°* 



— ™ + 



11 



20 30 ^ 2520 



^K+i)-l-^--rV(^+2^+^| 



V* 60 120 504 J ^ 



Multiplying out, and neglecting small quantities of the third 
order, involving g s , &n, or Sl" k , retaining however the term 
involving § 3 in the coefficient of a k , we get the value of the 
correction 



2 "-10* + T0-U~20 + 3dT' 

i_ f. f 2 ' 

20 - 30 ~ \20 " 30 



+ ™ ~ x- - i -„- - ■„- )«* 

40 i ~40 12 + 60 
i ^ ti 2 5 ft fi$ 

~*~ 4 + 24 ~ 2 fl, *'~ 12 + 24 

-ki-^j_ &+ s^2 .... (20) 

2 f 2 
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Hence, the value of an annuity payable yearly, with a proportionate 
part payable to the day of death, is 

j 2 P d fi fid 

a ' +2 ~4 + 24~2 a '~12 + 24 

-ta+»(i-!)-£(i-J) t £ 

=(«.+i-bX i -|)+Ij 
=(, + i-^X'-IK ■ • • • <"> 

This method will not give as the value of the annuity with 
greater accuracy; inasmuch as the fundamental equation (17) 
neglects small quantities of the third order. 

When the annuity is payable, not yearly, but m times in the 
year, the value of the correction may be found as follows : — 

Suppose the unit of time is taken to be — th part of a year, 

instead of one year, and that a payment of £1 is made at the 
expiration of each m-part. Then the amount of £1 at the end of 

one unitj — th of a year) will be (1 +«')"■; and we must substitute 

LIS 
for $ in the equation (20), log (1 +»)*; *•*• — l°g (l + «), or — , 

We must also substitute ma^" ) for a k . Lastly, with regard to ft ; 
this quantity denoting the instantaneous mortality at the age k, 
referred to a unit of time (i.e. a year), we must substitute for ft, 

— , since — th of a year is now the unit of time. Making these 

mm 

substitutions, the formula (20) becomes 

i M _ _ . map) _ — — — - _ + — - 



*\ m " J 4m 12m T 24m 2 

This applies to the value of an annuity of £m payable by m 
instalments in each year ; and dividing by m, to obtain the proper 
formula for an annuity of £1, we get the value of the correction 

I n _ w J t | *fc**> 

2m K " ' 4m 2 12m 2 ^ 24m 3 
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or ±]l 
2m 



m—\ m 2 — 1 ■ 

a k+ -5 75— r (/" + *) 

2m 12»r 



4ot 2 12ot 2+ 24m 3 



= 2^ (1 ~^ ) ~4m~r2^ + ^i^r • • w 

Adding to this the value of a£°, we shall find that the value of an 
annuity payable m times a year, with a proportionate part to the 
day of death, is 

.i-.e+'Yi-* 



If we put m= 1, these expressions become the same as (20) and 
(21). If, again, we make m infinite, (23) reduces to 

«*+2 12 

— the value of an annuity payable momently. 

The preceding demonstrations being rather intricate, it will be 
satisfactory to show how the same results may be arrived at by a 
different process. 

I will now take the case of an annuity payable m times a year. 
The year being, as before, supposed to be divided into m equal 
parts, let it be further supposed that each m-part is subdivided 
into n equal portions; and that if death occur in the rth sub- 

division of any m-part, the sum of — is payable at the end of that 

subdivision ; then when n is supposed to become infinite, we get 

the case of an annuity payable m times a year with a proportionate 

part to the day of death. The value of the chance of receiving 

v 

— , as aforesaid, by the occurrence of death in the rth subdivision 
mn J 

of the (s+ l)th part of the (t+ l)th year, is 



T I r 

•V ,+ m + m»- \p kl+ Lj.'^} — P kt +'- 



+ A . . . . (24) 



and we have now to sum this quantity with respect to t, s, 
and r. 

It is immaterial which of these variables we deal with first. 
Summing first with, regard to t, and giving it the values 0, 1, 2 .. . 
to the extremity of life, the sum is 
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r ■ u» + »» -I /V-+'— * —Pi..'- 4 -■ 






r JLf *- + rzi , ,_, ) 

= — v mn \v m ""» t i.+r=J + v l+ m + ^rp k i+^+iz. 1 + \ 

■ftlft { ' m mn * * m mn J 

Jftft ( 'to inn tn mm J 



?' 



= — f '"" a^T— T^i a t |T— t (25) 

mn \r, + ™ mn \ m +^ 

— employing the notation I have explained in the earlier part of 
this paper, for the value of an annuity-due, deferred for a fraction 
of a year- 
Next, summing with regard to s, giving it the values 0, 1, 2 . . . 
m— 1, we have 

Sa^w tzi =a *|rZ'+ a *|L +r=. 1 + a *| 2 - +'-=l + ' ' ' + a *|»Ei + r ^H = m9 ^" > \E} > 

\m mn \mn |«i mn \m m» I m mtt \mn 

and the sum of all the quantities (25) will be 

n I mn w |mn 

Here it will be noticed with reference to our notation that, ai" 1 
denoting the value of an annuity of £1 payable by m instalments 
in each year ; ai" denotes the value of a similar annuity, with the 
difference that the first payment is made at onqe instead of at the 

end of — th of a year: and afi. denotes the value of a similar 

m ' T 

annuity deferred r years, the first payment of which is therefore 
made at the end of the time t, which may be either integral or 
fractional. 

We have now to find the expressions for a*p=i and a t 'jV 

\mn \tnh 

analogous to that found above for awr, viz. — 

\m 

m-r r(m—r) l r{m,—r){rn—^r)Y>" k . . 

°< + ^ *#-^+*> li^s D" • • (26) 
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Again, make t= ~— in (27) ; then we get 

lis 2m 2m 12m 2 \ 2/ 

the other term disappearing, 

, 2»/i 2 +l , , ., 
=B * + *--24^~ (/,+i) ' 

which, making m=l, agrees with (10). 

3 
Here make tn—2, then a (2 i=a A + £- — Qu+£) . . . (29) 

m=4, „ a<^=« t + i-^Gu + g). . . (30) 

(7b 5c continued.) 



CORRESPONDENCE. 



"EXPECTATION OF LIFE." 
To the Editor. 

Sir, — Is there anywhere to be found an exact and accurate definition 
of this function, called by some writers " expectation of life," by others 
"mean duration of life"? Mr. Peter Gray, in his valuable work entitled 
Tables and Formula for the Computation of Life Contingencies, has 
taken great pains to point out the errors of some preceding writers (see 
chapter v., pp. 59 to 72); and while treating the subject himself in a clear 
and satisfactory way, has been rather severe upon the inaccuracies of 
others. He therefore cannot, I think, reasonably object, if I direct atten- 
tion to what seems to me a serious inaccuracy in his definition. He says, 
" By the mean duration of life at a specified age and according to a given 
table of mortality, is implied, the average number of years that, in the case 
of a single life, will be enjoyed by each individual of the specified age." 
Will be enjoyed by each individual!!! It is of course obvious that each 
individual cannot enjoy the average number of years, and that the preceding 
definition must be amended, by substituting the " average number of years 
which persons of the specified age, taken one with another, enjoy according 
to the given table of mortality." 

Several writers object wholly to the use of the phrase " expectation of 
life"; and I notice in particular that Professor De Morgan in this Journal, 
vol. xii. p. 33, speaks of " the average life, or expectation, as it is wrongly 
called." Now, I can understand the objection made to the phrase, that it 



